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Abstract 

Generalized relations relating multipole population 
parameters to d-orbital occupancies of transition-metal 
atoms are presented. The relations are cast in the form 
of a 15 × 15 matrix which reduces to smaller size for 
site symmetries higher than i. The matrix takes into 
account differences in normalization of density func- 
tions and atomic orbitals. The expressions are applied 
to diffraction data on Cr(CO)6, Mn2(CO)I 0' C02(CO)s, 
Co3(CO)9CH , Co(NH3)6Cr(CN)6 and Co(NH3) 6- 
Co(CN)6. In all cases crystal-field destabilized orbitals 
are depopulated relative to stabilized orbitals. Results 
are in almost quantitative agreement with theoretical 
populations; small remaining discrepancies are to be 
analyzed further for their possible significance. Oc- 
cupancy of eg orbitals in the last two compounds 
indicates a degree of covalency of the metal-ligand 
interaction in these low-spin complexes which is larger 
for the cyano ligand than for the ammonia molecule in 
agreement with generally accepted conclusions based 
on spectroscopic data. Very little difference is observed 
between the relative orbital occupancies of the 
Cr(CN)36 - and Cr(CO)6 species. 

Introduction 

The number of experimental electron-density studies on 
crystals containing transition-metal atoms has 
increased considerably in recent years. Whereas metals 
such as iron, vanadium and aluminum were the subject 
of early studies (Weiss & Mazzone, 1982), much recent 
work has concentrated on more complicated coor- 
dination complexes, metal cluster compounds, minerals 
and metalloorganic substances (e.g. Iwata & Saito, 
1973; Rees & Coppens, 1973; Rees & Mitschler, 1976; 
Benard, Coppens, DeLucia & Stevens, 1980; Wang & 
Coppens, 1976; Downs, Hill, Newton, Tossell & 
Gibbs, 1982). 

Though deformation density maps have proven to be 
unusually informative for a qualitative assessment of 
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the nature of chemical bonding, there is an obvious 
need for a quantitative evaluation of the results. For 
example, methods have been developed to derive both 
'inner' moments [such as the electric field gradient at 
the nucleus (Stewart, 1972, 1977)] and 'outer' moments 
[such as a net charge or a molecular dipole moment 
(Moss, Hansen & Coppens, 1980)] from the X-ray 
diffraction data. 

In the case of transition-metal atoms d-orbital 
occupancies have been derived from least-squares 
multipole population coefficients, using point-group- 
specific relations, which are valid under the assumption 
that the d orbitals can be represented by single 
Slater-type orbitals and that the overlap between metal 
atom and ligand orbitals is small (Stevens & Coppens, 
1979). 

In this paper we describe a generalized relation, valid 
in point group i (the d orbitals being even functions), 
from which point-group-specific expressions can be 
readily derived. The relations are applied to a number 
of data sets and results are compared with available 
theoretical values. 

Description of the expressions 

The relationship between d-orbital occupancies and 
multipole population parameters is derived from the 
equivalence of two alternative descriptions of the 
atomic electron density. 

(a) The electron density in terms of atomic orbitals 

The d-electron density may be expressed in terms of 
the atomic orbitals d t, each consisting of a common 
radial part R (r) multiplied by an angular function Ylm+, 
which is a real spherical harmonic. The d-electron 
density can then be written as 

5 5 5 

Pd = Z Pid~ + Z Z P,jd, dj (1) 
/=1 l=l j>l  

with 

d I = R(r)Ylm+_. 
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The cross terms dgdj do not occur in the case of the 
isolated atom for which the electron density is diagonal 
in the orbitals. In the molecular case the cross terms 
only occur between orbitals belonging to the same 
symmetry representation which will occur together in a 
LCAO (linear combination of atomic orbitals) molec- 
ular orbital. Thus (1), in which all cross terms are 
represented, corresponds to the point-group symmetry 
1. 

In the case of i (Ci) all d orbitals transform 
according to the representation ag and mixing is 
symmetry allowed. In more symmetric point groups 
mixing terms which violate the local symmetry do not 
occur. In the case of a square-planar point group 
(4/mmm, Dah ), for example, the d orbitals are of big, 
alg, b2g and eg symmetry so that only the diagonal 
terms in (1) can occur. The corresponding density 
expression is 

p3a= P,(dx,_yO 2 + P2(d~O 2 + P3(dxy) ~ + ½e4(d~z + d~). 

(2) 

In trigonal point groups such as 3m(C3o) the atomic 
d orbitals split into a lg, eg and e~ species (e.g. 
BaUhausen, 1962), of which e~ correlates with the eg 
orbitals of the octahedral point group. The electron- 
density expression for this symmetry includes a cross 
term between the components of the eg orbitals: 

1 2 e~_) + 1  o t.,2, e~' ) P3d = P1 a~g + ~P2(eg+ + ~-3~g+ + 

+ ½P4(eg+ e~+ + eg_ e~_) (3) 

2 ~ . = V/~dxy with a lg = dz2, e g+ = V/~dx 2 - y~ - V/~dxz, e g_ 
' - ' V/~dxz and e'g_ = + V/~gdyz; e g + -  V/'~dx2_y, + 

(b) The electron density in terms o f  multipole density 
functions 

The electron density at each atom may be described 
by a spherical distribution, complemented with an 
expansion of multipole functions: 

p(r) = [pcore(r) + PvPvale,ce(xr) 

+ RI(X' r) ~. Plm±Ylm,_(r/r), (4a) 
l=O m=O 

where Pcore and Pvalence are spherical Hartree-Fock core 
and valence densities, the Ylm+ are the spherical 
harmonics in real form and R l represents the radial part 
of the multipole functions. The second term in (4a) is a 
monopolar function with the radial distribution of the 
isolated-atom valence density for x = 1. Expression 
(4a) is the basis for a least-squares procedure in which 
x, x', Pv and the Plm are determined, together with the 
conventional structural parameters (Hansen & Cop- 
pens, 1978; Stewart, 1976). 

For a transition-metal atom the d-electron density is 
described by the second and third terms in (4a): 

Pa = PvPvalence(Kr) + Rt(K' r) ~. Ptm±Ylm+_(r/r) . 
!=0 m=O 

(4b) 

The equivalence of this expansion and (1) leads to 
relationships between the Ptm and the coefficients in (1) 
which are discussed in the following section. 

(c) Relation between atomic orbital coefficients and 
multipole population parameters 

Since the spherical harmonics are a complete set of 
functions, a product of two spherical harmonics is a 
linear combination of members of the set. In general the 
product Ytm+_ Yv m' + will contain terms with l"  = I l - l '  I, 
I I -  l '  + 21..., l + l '  and with m" = Im - m'l+ and 
I m +  m'l+. Similar rules apply to products Ylm+Yl 'm ' -  

except that I" = 0 and m" = 0 do not occur in this 
case. From coefficients available in the literature (Rose, 
1957; Rae, 1978), (1) can be expressed as a sum of 
spherical harmonics in analogy to the multipole 
expansion (4). 

Before the two expressions can be equated, how- 
ever, the difference in normalization between the 
atomic orbitals ( fy2dr  = 1) and the density functions 
(f lyl dr = 1 for I = 0, m = 0, f lyl dr -- 2 for all higher 
multipoles) must be allowed for. When the different 
normalization factors (Hansen & Coppens, 1978) are 
taken into account, relations between the orbital 
coefficients Pi and the multiple populations Ptm+ are 
obtained which are represented by a matrix M defined 
by 

Plm+_ : MPi,  (5a) 

where Pt is a 15-element vector of the coefficients of 
(1), Plm+ is a vector containing the coefficients of the 15 
spherical-harmonic functions generated by the products 
of d orbitals, for which l"  = 0, 2 or 4. 

The d-orbital occupancies can be derived from the 
experimental multipole populations by use of 

Pi : M-1 Plm+" (5b) 

The inverse matrix M -1 given in Table 1 represents 
the generalized expression from which point-group- 
specific expressions can be derived by omission of 
symmetry-forbidden terms. 

Point-group-specific expressions 

The 'index picking' rules for the spherical harmonic 
functions under all crystallographic site symmetries 
have been given by Kurki-Suonio (1977). When 
combined with the condition l = 0, 2 or 4 nine different 
cases can be distinguished which are summarized in 
Table 2. 
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Table 1. The matrix M -1 

d-orbital 
populations 

Pz 
ex~ 

P x  2 _ y2 

Mixing terms 

Mutipole populations 

P00 t'2o P2~ e,o P,~ P,, 
0.200 1.04 0.00 1.40 0.00 0.00 
0-200 0.520 0.943 -0.931 1.11 0.00 
0.200 0.520 -0 .943 --0.931 -1 .11 0.00 
0.200 -1 .04  0.00 0.233 0.00 1.57 
0.200 --1.04 0.00 0.233 0.00 -1 .57  

P21 P21- P22 P22- P41 &l- &2 &2- &3 P43- &4- 
Pz2/xz 1.09 0.00 0.00 0.00 3.68 0.00 0.00 0.00 0.00 0.00 0.00 • 
Pz2/yz 0.00 1.09 0.00 0.00 0.00 3.68 0.00 0.00 0.00 0.00 0.00 
Pz2/x2_y2 0.00 0.00 -2 .18  0.00 0.00 0.00 1.92 0.00 0.00 0.00 0.00 
PzVxy 0.00 0.00 0.00 --1.85 0.00 0.00 0.00 2.30 0.00 0.00 0.00 
Pxz/yz 0.00 0.00 0.00 1.60 0.00 0.00 0.00 1.88 0.00 0-00 0.00 
Pxz/x2_y2 1.88 0.00 0"00 0.00 --1.06 0"00 0.00 0.00 2.10 0.00 0.00 
Pxz/xy 0.00 1.88 0"00 0.00 0'00 - 1.06 0.00 0.00 0.00 2.10 0.00 
Pyz/x~_y2 0.00 --1.88 0.00 0.00 0.00 1.06 0.00 0.00 0.00 2.10 0.00 
Pzy/xy 1.88 0.00 0.00 0.00 -1 .06  0.00 0.00 0.00 -2 .10  0.00 0.00 
Px2_y2/xy 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 3.14 

Table 2. Allowed multipole functions describing d-orbital density 

Point group Allowed values of  1, m+*  

I 1, i l = 0, 2, 4, all m 
II 2, m, 2/m 00, 20, 22+, 22-,  40, 42+, 42- ,  44+, 4 4 -  
III 222, m2_m, mmm 00, 20, 22+ 40, 42+, 44+ 
IV 4, 4/m, 4 00, 20, 40, 44+, 4 4 -  
V 422, ~]2m, 4mm, 4/mmm 00, 20, 40, 44+ 
VI 3, 3 00, 20, 40, 43+, 4 3 -  
VII 32,_3m, 3m 00, 20, 40, 43+ 
VIII 6, 6, 6/m, 622, 6mm, 6m2, 6/mmm 00, 20, 40 
IX 23, m3,432, 3,3m, m3m 00, 40 + (0.7403)44+:~ 

* Principal symmetry axis is z axis. 
I" Dimension can be reduced by rotation of coordinate system, see text. 
:1: T-his function is usually described as the cubic harmonic K 4. 

Dimension 
of  M 

15 x 15 
9 x 9  
6 x 6  

5 x 5 (4 x 4)t  
4 x 4  

5 x 5 ( 4 x 4 ) 1 "  
4 x 4  
3 x 3  
2 x 2  

In the triclinic point groups no further restrictions 
apply. Since Ylm+ and Ylm- have tp dependences of 
cos m~p and sin m~p respectively, a vertical twofold axis 
limits m to either 2 or 4 in addition to the m = 0 values 
corresponding to cylindrically symmetric functions. 
For higher n-fold symmetry the only allowed functions 
with m 4:0 are those with m = n. For sixfold symmetry 
this implies that only the cylindrically symmetric 
functions can result from electrons populating d 
orbitals. 

Point groups with and without vertical mirror planes 
are distinguished by the occurrence of Ylm_ functions in 
the latter case. This function may, however, be 
eliminated for n = 3 and n = 4 by a rotation of the 
coordinate system around the z axis, such as to change 
the zero of the ~p angle, as shown by the following 
argument. 

The ~p dependence of the density is given by 

P(~P) : P4n+ c o s  nip + e4n-  s in  nip, (6a) 

which gives 

tgp/9~p = -nP4n + sin mp + nP4n_ cos n~p. (6b) 

Thus the maxima and minima occur at values of ~p 
defined by 

tan nip = P4n-/e4n+" (7a) 

A rotation of the coordinate system by 

1 
~Po = -  tan-l(P4n-/P4n+) (7b) 

n 

eliminates the antisymmetric component sin rap, so that 
in this coordinate system the ~p dependence may be 
written as 

with 

p(~p') = P~.+ cos nip 

P'4,,+ = P4n+ COS mpo + P 4 n -  sin mpo (8a) 

or (equivalently) 

P4n-  : Pr4n+ sin mpo 

P4n+ = P'4,,+ cos ntpo. (8b) 
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When (7b) is applied, symmetries IV and V, and VI 
and VII of Table 2 become formally equivalent and the 
number of distinct cases is reduced to seven. 

The matrix M -~ for specific point groups is obtained 
from Table 1 by elimination of columns corresponding 
to non-allowed multipoles. This leads to rows con- 
sisting only of zero's which represent non-symmetry- 
allowed cross terms in (1). 

For example, for point group 2 (line II of Table 2) 
there are nine symmetry-allowed multipoles. The d 
orbitals in this point group belong to either the a (20, 
22+, 22--) or the b (21+, 21 - )  representations. The 
density expression (1) then contains, in addition to the 
five diagonal terms, four cross terms (i.e. 20/22+, 
20/22- ,  22+ /22 - ,  21+/21- ) .  These nine terms 
correspond to the nine rows with at least one non-zero 
coefficient which are obtained when the symmetry- 
forbidden columns are deleted. 

The 4 x 4 matrix for the square-planar case (row V 
of Table 2) is given in Table 3. The equality of the 
coefficients for P21+ and P21-  indicates the degeneracy 
of the d2~ ÷ and d2~_ orbitals which belong to the eg 
representation of D4n. Thus ½P4 in (2) equals 
P21+ = P 2 1 - .  

The matrix for the trigonal point groups is listed in 
Table 4. The last column corresponds to the products 
of d2~+ d22- and d2~_ d22+ which do not occur for the 

Table 3. Orbital-multipole relations for square-planar 
complexes (row V of Table 2) 

Species in 
D4h Poo Pzo P,o P u  + 

Pz0 at~ 0.200 1.039 1-396 0 
P2t+ 0.200 0.520 -0.931 0 
Pzl-  ez 0.200 0.520 --0.931 0 
P22+ bl~ 0.200 -1.040 0.232 1.570 
/022 b2g 0.200 -1-040 0.232 -1.570 

Table 4. Orbital-multipole relations for trigonal 
complexes (row VI of Table 2) 

Poo P2o P40 P43+ /)43- 
(a) In terms ofd  orbitals 
P2o 0-200 1.039 1.396 0 0 
Pz~+ 0.200 0.520 -0.931 0 0 
Pz~- 0.200 0.520 -0.931 0 0 
P22+ 0.200 -1-040 0.232 0 0 
P22- 0,200 -1,040 0,232 0 0 
Pzz+/22+ 0 0 0 2.095 0 
/°21+/22- 0 0 0 0 2"095 
Pzl-a2+ 0 0 0 0 2"095 
P21-/22- 0 0 0 --2"095 0 

(b) In terms of symmetry-adapted orbitals (expression 3)* 
PI (al~) 0.200 1.040 1-396 0 
P2 (e~) 0-400 -1.040 --0.310 -1-975 
Pa (e~) 0.400 0 -1.087 1.975 
P4(%+e'z+ + e~_e'~_) 0 -2.942 2.193 1.397 

* The signs given here imply a positive e i lobe in the positive xz  quadrant. 
Care should be exercised in defining the coordinate system if this lobe is to 
point towards a ligand atom. 

point groups 32, 3m and 3m. We note that these 
products also disappear when the zero of the azimuthal 
angle tp is shifted according to (8b). 

Application of the expressions 

The expressions described above have been applied to a 
series of transition-metal complexes. Some representa- 
tive examples, summarized in Table 5, are given here. 
They include four metal-carbonyl complexes of vary- 
ing symmetry and the complex ionic solid hexa- 
amminecobalt(III) hexacyanocobaltate(III), which was 
among the first transition-metal complexes of which the 
experimental density was determined by X-ray diffrac- 
tion techniques (Iwata & Saito, 1973). 

Crystallographic and local site symmetries are listed 
in columns 4 and 5 of Table 5. Since preliminary 
refinements invariably indicated that multipoles not 
allowed by the local symmetry at the transition-metal 
site are not significantly populated, a local symmetry 
constraint was imposed in all refinements reported here. 

In all cases the weight w(F 2) equalled 1/tr2(F 2) with 
a 2 ( F  2) = [a2ount + ( C F 2 ) 2 ]  1/2 with C = 0.02 and 
C - 0.01 for the metal-carbonyl complexes and for the 
hexaammine cobalt salts respectively. Since para- 
meters for the 4s electrons can often not be refined 
because of the limited influence of 4s scattering on the 
diffraction intensities, several refinements were done 
with and without the inclusion of 4s electrons. All core- 
and isolated-atom valence scattering factors were taken 
from International Tables for X-ray Crystallography 
(1974). Scattering factors for the 4s electrons were as 
calculated by Cromer (1977). 

In addition all transition-metal carbonyl complexes 
reported here were analyzed with two different radial 
functions for the monopolar term, corresponding 
respectively to an isolated-atom Hartree-Fock 3d 
radial function modified by K, (the second term in 4a) 
and a Slater-type radial function with the same radial 
dependence as the higher multipoles (the monopole of 
the third term in 4a). Since the resulting population 
parameters are very similar only results of the first 
treatment, which gave slightly lower R factors, are 

Table 5. Summary of examples 

Site symmetry 

Space Crystal- Local Reference to 
Compound group Z lographic (assumed) data set 

Cr(CO) 6 Prima 4 m 4/m 3m Rees& Mitschler 
(1976) 

Mnz(CO)~0 I2/a 4 1 4 mm Martin. Rees & 
Mitschler (1982) 

Co2(CO)s P21/m 4 1 m Leung & Coppens 
(1983) 

Co3(CO)9CH Pi 2 1 m Leung & Coppens 
(1983) 

Co(NH3)6Cr(CN) 6 R3 1 3 3 Iwata (1977) 
Co(NH3)6Co(CN) 6 R3 1 3 3 lwata & Saito (1973) 
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listed in the tables. R factors are compared with those 
from the free-atom and the spherical-atom x refine- 
ments (Coppens, Guru Row, Leung, Stevens, Becker & 
Yang, 1979) in Table 6a. A considerable improvement 
in R factors and in goodness of fit S is observed for all 
refinements. The improvement on introducing atomic 
asphericity (i.e. the difference between the x and 
multipole refinement results) is larger than the decrease 
in R and S on introduction of ionicity and valence-shell 
expansion and contraction (i.e. the difference between 
the free-atom and the x refinement). Though this is not 
surprising given the larger increase in number of 
parameters in the former case, it contrasts with our 
experience with light-atom-only molecules for which 
the largest improvement is often obtained on the 
introduction of charge transfer between atoms. 

Transition-metal population parameters and x and 
values from the multipole refinements are listed in 
Tables 6b and c. Coordinate systems are defined in 
Fig. 1. 

A brief description of the results for each of the 
compounds follows. 

Cr(CO)6 

Chromium hexacarbonyl is an octahedral complex 
for which a careful electron density study has been 

O C ~  

Fig. 

X~,~ Y c ° 

Mn 

/ \  
c ~ 

o o 

Mn 
J 

c 
o 

0 
...C 

CO 

o o 
c o c / 

Co Co 

C C 
0 0 

c 
o 

H 

I 
c 

Co 
c° \ 

c 

\ 
o 

C O 

1. Coordinate systems for Mn2(CO),0, Co2(CO) 8 and 
Co3(CO)gCH. 

reported by Rees & Mitschler (1976). A self-consistent 
field calculation with the Xa exchange approximation 
has been described by Heijser (1979). 

Only two multipoles are allowed for the octahedral 
local symmetry. They are Y00, and the cubic harmonic 
Y40 + 0.7403y44 ÷. Separate refinement of P40 and P44+, 
which is possible in this case because of the lower 
crystallographic symmetry, gave a ratio very close to 
that required in the octahedral field. 

Results listed in Table 7 are almost independent of 
the treatment of the 4s electron, indicating that the 
asphericity is a much better defined property than the 
net charge, which is ambiguous because of the 
diffuseness of the 4s distribution. Here and in the other 
compounds studied orbital occupancies are in very 
reasonable agreement with theoretical values and 
deviate appreciably from the spherical-atom 
configuration. 

A dynamic model map calculated with Fourier 
coefficients 

(Fcalc, multlpole model - -  Fcalc, spherlcal-atom model) 

is shown in Fig. 2(a). The errors in the multipole model 
maps may be judged from the residual maps, based on 

Fobs  - -  Fealc, multipole model, 

which are a measure of the fit of the model to the 
experimental density distribution. Residual maps have 
been calculated for all the refinements reported here. In 
the case of Cr(CO) 6 the map reproduced in Fig. 2(b) 
indicates that a good-quality fit has been obtained. 

Mn2(CO),0 

Dimanganese decacarbonyl was studied by Martin, 
Rees & Mitschler (1982). Though the main aim of the 
study was elucidation of the nature of the metal-metal 
bonding, the data also contain information on the 
charge asphericity around the metal atom. Results of 
the multipole refinements are listed in Table 8. 
Comparison of the low-order with aU-data refinement 
shows good agreement between the two sets of results. 
This suggests that d-orbital occupancies can be derived 
even when high-order data are not available. Relative to 
the spherical atom the ~[l and b2 orbitals which point 
toward the ligands are destabilized, the effect being 

Table 7. Orbitalpopulationsfor C r ( C O ) 6  

Spherical 
With 4s Without  4s Theoretical atom 

eg 1.42 (5) 1.37 (7) 1.12 2 
t2~ 3.40 (5) 3.32 (8) 3.26 3 
Total d 4.82 (9) 4.69 (9) 4.38 5 
4s 1 - -  -0 .085 1 
4px --0.011 
4py --0.011 
4p: --0.011 
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smaller for a~ which has one CO and one Mn neighbor. 
Agreement with theory is satisfactory, though the 
destabilization is somewhat more pronounced than 
predicted by the theory. 

The model map (shown in Fig. 3a) contains both the 
plane through the metal atom and three carbonyl 
groups, and the plane bisecting the equatorial carbonyl 
ligands, because the two metal carbonyl groups are 
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Fig. 2. Cr(CO) 6. Refinement without 4s orbitals. Contours at 0.1 

e A -a, zero and negative contours broken; sin 0/2 < 0.85 A-L 
(a) Model density in a plane containing Cr(CO)#. (b) Residual 
density. 
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(b) 
Fig. 3. Mn2(CO)t 0. Refinement without 4s orbitals. Data with 

1 sin 0/2 < 0.76 A - .  Contours as in Fig. 2. (a) Model density in a 
plane containing two Mn atoms and four carbonyl groups. (b) 
Residual density in one of the chemically equivalent planes. 

Table 8. Orbitalpopulationsfor Mn2(CO)I 0 

See Fig. 1 for definition of the coordinate system. 

a 1 ( d : )  
b~ (d:_:) 
b, (4,p 
e (d=,dyz) 
Total d 
4s 
4px 
4p~ 
4pz 

Low-order data 
(sin 0/2 < 0.76 A -1) 

With 4s Without 4s 

0.67 (3) 0.80 (3) 
0.59 (4) 0.70 (4) 
1.19 (4) 1.31 (4) 
2.51 (4) 2.80 (4) 
4.95 (3) 5.60 (3) 
2 

All data 
(sin 0/2 < 1.32 A -1) 

With 4s 

0.76 (3) 14.2% 
0.65 (4) 12.1% 
1.27 (4) 23.6% 
2.69 (3) 50.1% 
5.37 (3) 
2 

Without 4s 

0.84 (3) 14.2% 
0.76 (4) 13.0% 
1.37 (4) 23.5% 
2.86 (3) 49.1% 
5.83 (3) 

Theoretical 

0.85 16.1% 

1.81 34.3% 

2.61 49.5% 
5.27 

-0.24 
-0.12 
-0.12 

0.24 

Spherical 
atom 

1.0 20% 

2.0 40% 

2.0 40% 
5.0 
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symmetry related in a staggered conformation. The 
accumulation of d-orbital lone-pair density near the 
metal atoms is evident. The corresponding residual map 
(Fig. 3b) is almost featureless. 

Co2(CO)s 
Dicobalt octacarbonyl is a doubly bridged dinuclear 

species, the structure of which was first studied by 
Sumner, Klug & Alexander (1964). The electron- 
density analysis of Co2(CO)s, based on a new set of 
data collected at 100 K, will be described in detail in a 
separate publication. The populations of the d orbitals 
obtained from the multipole refinement are listed in 
Table 9. The agreement with the theoretical results of 
Heijser is again quite close, except for the d~ orbital 
which is slightly depopulated relative to the spherical d 7 
configuration according to the experiment, and has 
some excess density according to the theory. 

Model maps through two terminal carbonyls and the 
cobalt atoms, through the bridging ligand containing 

both cobalts, and through the bridging ligand per- 
pendicular to the Co-Co vector, are shown in Figs. 
4(a), (c) and (d) respectively. The lone pair at the 
bridging CO carbon atom is not cylindrically sym- 

Table 9. Orbitalpopulationsfor Co2(CO) ~ 

See Fig. 1 for definition of coordinate system. 

Experimental 

With 4s Without 4s Theoretical 

d~, 1.57 (4) 22.0% 1.67 (4) 21.7% 1-53 21.2% 
dx~-B 1.53(4) 21.5% 1.61 (3) 20.9% 1.49 20-7% 
dxy 1.34 (4) 18.8% 1.46 (3) 19.0% 1.31 18.4% 
dx._ 1.36(3) 19-1% 1.50(31 19.5% 1.55 21-5% 
dyz 1.31(3) 18.4% 1.46(3) 19.0% 1.33 18.4% 
Total d 7. I 1 (3) 7.70 (3) 7.21 
4s 2 0 -0 .02  
4px 0.16 
4py 0.04 
4pz 0.35 
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Fig.-4. Co2(CO) 8. Refinement including 4s orbitals. Contours as in Fig. 2, sin 8/2 < 0.85 A -1. (a) Model  density in a plane containing 
two Co atoms and two terminal carbonyl groups. (b) Residual density in one of the chemically equivalent planes corresponding to (a). 
(c) Model density in a plane containing the bridging carbonyl and two Co atoms. (d) Model density in the plane containing the 
bridging carbonyl perpendicular to the Co-Co vector. 
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metric, as it would be in the isolated carbon monoxide 
molecule, but considerably extended in the plane of the 
metal atoms due to metal-ligand bonding. Fig. 4(a) 
shows a polarization of the 3d density towards the 
position of the 'missing' bridging CO group. 

The residual map corresponding to Fig. 4(a) (Fig. 
4b) shows an accumulation of density at Co-Co bond 
midpoint which cannot be accounted for by the 
atom-centered multipole functions. The map is 
generally noisier than those of the two compounds 
discussed previously; this is probably a result of a 
difference in data quality between the two sets. 

Co3(CO)9CH 

Nonacarbonylmethylidynetricobalt was studied as 
part of our program concerning the charge distribution 
in metal cluster compounds. The results of the neutron 
diffraction analysis have been reported previously 
(Leung, Coppens,  McMul lan  & Koetzle,  1981). The 
theoretical calculation performed on this much larger 
molecule is based on the approximate  non-empirical  
F e n s k e - H a l l  method (Ortega,  1980). Though the 
general trend in the relative populat ion of  the metal d 
orbitals is the same in theory and experiment (Table 
10), fairly large numerical  differences are observed, 
which m a y  be at least partially attr ibuted to the more 
approximate  nature  of  the calculation for this 
compound.  

Model  and residual densities in one of  the C o C H C O  
planes are shown in Fig. 5. 

Co(NH3)6Cr(CN)6  and Co(NH3)6Co(CN)6  

Electron-density studies of the coordination com- 
plexes hexaamminecobalt(III) hexacyanocobaltate(III) 
and hexaamminecobalt(III) hexacyanochromate(III) 
were reported in 1973 (Iwata & Saito, 1973) and 1977 
(Iwata, 1977). Though a partial population analysis 
was described in the second publication, the large 

Table 10 Orbitalpopulationsfor Co3(CO)9CH 

Orbital 

d z  z 

~xi-yZ 
¢>, 
axz 

Total 3d 
4s 
4; ,  4~, 
4;~ 

See Fig. 1 for definition of coordinate system. 

Experimental 

With 4s 

1.43 (5) 
1.26 (5) 
1.77 (5) 
0-80 (5) 
1.60 (5) 
6.85 (2) 

2 

m 

2.00 

Without 4s 

1.50 (4) 
1.37 (4) 
1.83 (4) 
0.96 (5) 
1.61 (5) 
7.26 (3) 

Theoretical 
(Fenske-Hall) 

1.65 
1 .50  
1 .69  
1.17 
1.61 
7.62 
0.49 
0.51 
0.61 
0.40 
2.01 
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Fig. 5. Co3(CO)gCH. Refinement including 4s orbitals. Contours 

as in Fig. 2, sin 8/2 < 0-85/k-L (a) Model density in a plane 
containing a Co atom, a CO and the CH ligand. (b) Residual 
density in one of the corresponding chemically equivalent planes. 
(c) Residual density averaged over three chemically equivalent 
planes. 
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Table 11. Comparison oforbitalpopulations ofCo(NH3)6Cr(CN)6, Co(NH3)6Co(CN)6 and Cr(CO) 6 

From treatment with zero 4s population. 

Spherical 
atom Co(NH3)~ + Cr(CN)I- CO(NH3)~ + Co(CN)I- Cr(CO)6 

a~ (%) 20 26.4 19.4 24.3 25.0 70-8 
eg (%) 40 49.6 49.9 52.2 49.2 
e~ (%) 40 24.1 30.7 23.5 25.9 29.2 
Total 3 d population 7.84 5- 26 7.44 7.26 4.69 

reported populations of the e~ orbitals which point 
towards the ligands seem to contradict the deformation 
density maps which show accumulations in the eg 
directions. 

The results of the d-orbital analysis (Table 11) 
indicate preferential occupancy of the eg and ag orbitals 
of the slightly distorted octahedral complexes, in 
agreement with the deformation densities. In all cases 
the e~ orbital is depopulated relative to the spherical 
atom. The remaining non-zero population of e~ is an 
indication of covalent metal-ligand interaction in these 
low-spin complexes, which is larger for the cyano 
ligand than for the ammonia molecule, in agreement 
with accepted chemical concepts (e.g. Cotton & 
Wilkinson, 1972). 

The agreement between the two hexaammine cations 
is satisfying, especially in view of the fact that the 
earlier study was performed at room temperature. Very 
little difference is observed between the relative orbital 
occupancies of the Cr(CN)~- ion and the Cr(CO) 6 
molecule (last column of Table 11) indicating a close 
similarity between the isoelectronic CN- and CO 
ligands. Both agreements support the reproducibility of 
the results. 

Discussion 

density to the transition-metal atom. The choice is 
arbitrary and the ambiguity analogous to that occur- 
ring in the least-squares treatment. The d orbital 
occupancies on the other hand are derived from the 
angular dependence of the transition-metal density 
which is much better defined, both in experiment and 
theory. The observed agreement is to be interpreted as 
an agreement in the angular functions. The radial 
dependence of the functions used is generally not the 
same in theory and experiment, and dependent on the 
choice of basis set. 

The analysis given here does not consider the cross 
terms in (1), which are symmetry allowed for Co2(CO)9 
and C o a C H ( C O ) 9 .  The cross terms integrate to zero 
and therefore do not contribute to net populations even 
though they constitute an integral part of the descrip- 
tion of the electron distribution. The cross terms are not 
listed when theoretical population analyses are repor- 
ted, so that a comparison is not possible at present. 

x and ~ values for refinements excluding 4s orbitals 
are listed in Table 6c. The most pronounced deviation 
from isolated atom values is observed for the tricobalt 
cluster C o 3 ( C O ) 9 C H  in which cobalt valence shells are 
considerably contracted. Interpretation of the possible 
significance of this result is premature and requires 
similar analysis of other cluster compounds. 

The reproducibility of the d-orbital occupancies as 
reported in Table 11, and the agreement between 
experimental and theoretical populations shown in 
Tables 7-10, support the validity of the methods used. 
Further work is needed to analyze the significance of 
remaining discrepancies. The insensitivity of the results 
to the inclusion of 4s electrons in the refinement 
formalism indicates the indeterminacy of the total 
transition-metal electron population. The 4s electrons 
have a diffuse distribution which peaks near neigh- 
boring ligand atoms. The scattering of these electrons 
can be accounted for about equally well by ligand- 
atom-centered functions. A similar ambiguity exists in 
direct-space partitioning techniques. When the total 
density is partitioned using boundaries perpendicular to 
the interatomic vectors the 4s density of, for example, 
the cobalt atom in C o a C H ( C O )  9, is invariably appor- 
tioned to the ligand atoms (Holladay & Coppens, 
1983). On the other hand, partitioning of the defor- 
mation density implies a priori assignment of the 4s 

Conclusion 

The analysis developed above allows the determination 
of d-orbital occupancies of transition-metal atoms. It is 
especially helpful for complexes of which the electronic 
ground state has not been established unambiguously. 
Applications to such systems are in progress and will 
be reported in subsequent publications. 

The authors would like to thank Professor E. D. 
Stevens for helpful discussions and Dr D. T. Cromer 
for providing the 4s scattering factors. Support of this 
work by the National Science Foundation (CHE 
7905897) is gratefully acknowledged. 
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Abstract 

Although it is commonly  invoked, the phenomenon of 
'creat ion of  new wave fields', which is responsible for 
some of the features visible on topographic  images, has 
never been really explained in theoretical terms. This is 
done here in the case of  a crystal deformed by a 
uniform strain gradient.  The appropria te  Green func- 
tion is expanded in reciprocal space as a wave packet  
of  non-plane waves,  each component  corresponding to 
a single value of  the deviation parameter  at the entrance 
surface. It is then shown that  each component  of  this 
wave packet  is made up of  four parts,  two of which can 
be identified as 'normal '  wave fields (i.e. those predicted 

0567-7394/83/030387-13501.50 

by the Eikonal  theory);  the two others are the so-called 
'created wave fields'; it is shown that  they correspond 
to interbranch scattering from one branch  of  the 
dispersion surface to the other and give rise to two 
extra beams. These created wave fields extract  a 
fraction e -2my1 out of  the normal  energy flow (I vl being 
inversely proport ional  to the strain gradient),  in full 
agreement  with previous computer  experiments.  

I. Introduction 

Unders tanding the so-called 'creat ion of  new wave 
fields' in highly distorted parts  of  a crystal  has been one 
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